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In the Hückel theory the total -electron energy of a bipartite graph G is defined as the sum E (G) = n i=1 | i | of the absolute values of the eigenvalues 1 2 · · · n of the adjacency matrix A(G) of G. This energy is in good linear correlation with the observed heats of formations of the corresponding conjugated hydrocarbons and it is related with other relevant chemical invariants [5, 8] .
We consider also the momenta of G as M k = n i=1 k i , for k even. A survey on information on momenta and -electron energy of benzenoid hydrocarbons may be seen in the Gutman's papers in [4] . We are interested in particular in the celebrated McClelland's inequalities [9] :
where n denotes the number of vertices and m the number of edges of G.
In this paper, we give the following lower bounds for E (G): let q, r, s be even positive integers with 4q = r + s + 2, then
In particular, for q = 2 = r, s = 4, since M 2 = 2m and
which improves McClelland's bound in most cases.
Another important invariant of the bipartite graph G is the number K of Kekulé structures of G, see [4, 5] . The remarkable Dewar-Longuet-Higgins formula states that
Moreover, K is easy to compute (at least with the help of a computer). We shall show the simple inequality nK 2/n E (G) which in some cases improves the above mentioned lower bounds for the -electron energy.
Basic concepts

1.1.
Let G be the molecular graph of a benzenoid molecule with vertices 1, . . . , n. Consider A = (a ij ) the adjacency n × n-integral matrix associated with G, that is, a ij = 1 if there is an edge joining vertices i and j and a ij = 0 else. Spectral properties of A and their relations with structural properties of G are surveyed in [1] . In particular, we know: (a) Since A is real symmetric, then the eigenvalues of A are real numbers 1
The following relations hold:
where m denotes the number of edges in G.
ij is the number of walks of length k joining i and j. The eigenvalues of A k are of the form
1.2.
We recall that the quantity
(a) For a general bipartite graph, it is shown in [9] (see also [1, 8.7 
(b) For a benzenoid molecule G we have 16 27
1.3.
The spectral k-momentum is defined as
From [3, 2, 6] the following values of M 0 , M 2 , M 4 and M 6 for benzenoid molecules are known:
where the invariant b = B + 2C + 3F counts (in a weighted form) the number of bay regions of G: B (bays), C (coves) and F (fjords) defined as in the picture.
Similar expressions for M 8 , M 10 and M 12 were obtained in [7] , but we shall not use those results in this work.
1.4.
Let G be a hexagonal system with h hexagons. Let r be the number of interior vertices of G. An interior vertex i is depicted below.
A simple induction on h shows the number of vertices (n) and the number of edges (m) are given by
A system G is a catacondensed benzenoid molecule if r = 0. In that case the following formulae hold:
1.5.
The following simple arithmetical lemma will be useful in our work. Let a 1 , . . . , a n be positive real numbers and define 
Lemma 1.
x k = n i=1 a k i for k 1.1 i, j n. (c) x 2 k x 2k + n(n − 1) n i=1 a i 2k/n .
Proof. (a) Compute
and equality holds only when a k i = a k j for all i = j . The proof of (c) may be seen in [9] or [1, 8.7] .
We refrain of writing a series of consequences for momenta of benzenoid systems. Some formulae will be shown in next section after some graph theory considerations.
Energy of derived graphs
2.1.
Let G be a bipartite graph with vertices 1, 2, . . . , n and a ij edges between i and j, that is,
A(=A(G)) = (a ij ) is the adjacency matrix of G.
Define G (k) as the graph with vertices 1, . . . , n and a (k) ij edges between i and j, where a (k) ij is the number of walks of length k in G between i and j. We call G (k) the k-derived graph of G. We have
Lemma 2. Let G be a bipartite graph with vertices 1, 2, . . . , n and let k 1 be an odd number.
Proof. (a) Let b: {1, . . . , n} → {0, 1} be a bipartition function for G and We denote by E (k) (=E(G (k) )) the energy or the k-derived graph of G.
2.2.
Proposition. Let G be a bipartite graph with n vertices, m edges, energy E and momenta M s , s 1. Let k be an odd number. Assume 2k = t + s for some even numbers t, s 2. The following hold:
Proof. Consider 1 , 2 , . . . , n the eigenvalues of A=A(G). We apply (1.5) for the positive numbers a i = | i |, 1 i n and
Corollary 3. Let G be as above, then
Proof. Apply the above result for k = 3, t = 2, s = 4, q = 2. Recall that M 2 = 2m.
2.3.
The fact that the lower bound for the energy of benzenoid systems given in (2.2) is better than McClelland's is contained in the following: 
√ 2nm E (G).
Proof. In this case M 4 = 18m − 12n and let d = 2m/n be the average number of edges. By (2.2),
For fixed n, the value of d, where the function d/ √ 9d − 12 reaches its minimum is d 0 =8/3, and then d 0 / √ 9d 0 − 12 = 4/ √ 27.
Corollary 5. Let G be the molecular graph of a catacondensed benzenoid system with h hexagons. Then
Proof. The lower bound follows from (2.2) and (1.4). The upper bound is shown in [9, 1] .
2.4.
We describe different invariants for several molecular graphs of benzenoid systems with six hexagons.
( 
Kekulé structures and bounds for the energy
3.1.
Let G be a bipartite graph with n vertices and m edges. Recall that a Kekulé structure for G is a function k : {1, . . . , m} → {0, 1} such that each vertex i ∈ {1, . . . , n} belongs to exactly one edge j in G (j ∈ {1, . . . , m}) with k(j ) = 1. Let K be the number of Kekulé structures for G. Then
where A is the adjacency matrix of G.
In terms of K, the inequality (1.2a) may be written as
Proposition. Let G be the molecular graph of a benzenoid system with K Kekulé structures. Then the following hold for any even number k:
n/2k , (c) nK 2/n E (G). It is worth to compare the inequality nK 2/n E (G) with other bounds in the literature (see [4] ). For a catacondensed system with h hexagons, it is known that h+1 K 2 h−1 +1, we get then n(h + 1) 2/n E (G). 
